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ALGEBRAIC GROUPS CONSTRUCTED FROM ORDERS OF
QUATERNION ALGEBRAS
ARSENIY (SENIA) SHEYDVASSER
Abstract. We show that all spin groups of non-definite, quinary quadratic forms over
a field with characteristic 0 can be represented as 2 ˆ 2 matrices with entries in an
associated quaternion algebra. Over local and global fields, we further study maximal
arithmetic subgroups of such groups, and show that examples can be produced by study-
ing orders of the quaternion algebra. In both cases, we relate the algebraic properties of
the underlying rings to sufficient and necessary conditions for the groups to be isomorphic
and/or conjugate to one another.
1. Introduction:
The idea of representing elements of Mo¨bpRnq with 2 ˆ 2 matrices with entries in a
Clifford algebra goes back at least to Vahlen [Vah02], and was later popularized by Ahlfors
[Ahl86]. More recently, this approach was used by the author to construct explicit examples
of integral, crystallographic sphere packings [She19]; briefly, these are generalizations of
the classical Apollonian gasket which arise from hyperbolic lattices. Such packings were
formally defined by Kontorovich and Nakamura [KN19], although they were studied in
various forms previously. How to define Mo¨bpRq and Mo¨bpR2q in terms of the real and
complex numbers is well-known. In order to describe Mo¨bpR3q in terms of 2 ˆ 2 matrices,
we proceed as follows: letHR be the standard Hamilton quaternions, and define an involution
pw ` xi ` yj ` zkq; “ w ` xi` yj ´ zk. One can then define the set
SL;p2, HRq “
"ˆ
a b
c d
˙
PMatp2, HRq
ˇˇˇ
ˇab; “ ba;, cd; “ dc;, ad; ´ bc; “ 1
*
.
One checks that this is a group, and that SL;p2, HRq{t˘Iu – Mo¨bpR3q—or, if one prefers,
since Mo¨bpR3q – SO`p4, 1q, SL;p2, HRq – Spinp4, 1q. However, one observes that there is
nothing in the definition of SL;p2, HRq that is specific to the real numbers: one can just as
well choose any field F—we shall assume throughout that charpF q ‰ 2 for convenience—any
quaternion algebra H over F , any orthogonal involution ; of H , and this will allow you to
define a group SL;p2, Hq. It is evident that this a linear algebraic group; we shall prove
that in fact it will be the spin group of a quadratic form over F , just as in the classical
case F “ R. We shall show that the quaternion algebra H determines the spin group up to
isomorphism, and the quaternion algebra H together with the involution ; determine the
conjugacy class inside of an algebraic extension of F . Since R contains the square roots of
the norms of all elements in HR, this is a consideration that doesn’t come up in the Lie
group case.
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One of the benefits of representing spin groups in terms of quaternion algebras becomes
evident in the special case where F “ K is a number field. In this case, it is known that if
you take a quadratic form q overK and consider the linear algebraic group G “ SOpqq, then
every arithmetic subgroup of G will be commensurable to SOpq; oKq where oK is the ring of
integers of K. However, SOpq; oKq will not in general be a maximal arithmetic subgroup.
On the other hand, we show that ifH is a rational quaternion algebra, then it is easy to find a
maximal arithmetic subgroup of SL;p2, Hq—it suffices to find an order O of H that is closed
under the involution ; and which is not contained in any larger order having this property.
In that case, we shall demonstrate that SL;p2,Oq is a maximal arithmetic subgroup of
SL;p2, Hq; this can be seen as analogous to the statement that SLp2,Zq and the Bianchi
groups are maximal arithmetic groups. There are known algorithms for finding maximal
orders in quaternion algebras over number fields—for example, Ivanos and Ronyai [IR93]
gave an algorithm that works over general semisimple algebras over Q, and Voight [Voi13]
gave an efficient algorithm specifically for quaternion algebras. These can be adapted to
give an efficient algorithm for constructing maximal ;-orders over an arbitrary number field,
and so our approach certainly gives an efficient means of computing maximal arithmetic
subgroups of SL;p2, Hq for rational quaternion algebras—we conjecture that this is true
more generally for number fields.
2. Summary of Main Results:
In section 3, we give a brief review of the basic definitions of orthogonal involutions and
maximal ;-orders. Our first main result occurs in section 4, where we prove that SL;p2, Hq
is a spin goup. Specifically, there is a quadratic form qH such that the following is true.
Theorem 4.2. Let H be a quaternion algebra over a field F of characteristic not 2, with
orthogonal involution ;. Then, as an algebraic group, SL;p2, Hq – SpinpqHq. In particular,
it is an absolutely almost simple, simply connected group.
However, one can say much more. In Section 5, we prove that all spin groups of indefinite,
quinary quadratic forms arise as groups SL;p2, Hq.
Theorem 5.1. Let F be a characteristic 0 field. There there is a bijection!
Isomorphism classes of
quaternion algebras over F
)
Ñ
"
Isomorphism classes of
spin groups of indefinite,
quinary quadratic forms over F
*
rHs ÞÑ “SL;p2, Hq‰ .
Remark 2.1. The restriction to characteristic 0—rather than simply not 2—appears due to
the proof using the classification of Lie algebras and the separability of extensions of F . It
may be possible to remove this restriction, but as our chief interest shall be in number fields,
proving the result for characteristic 0 fields will be more than sufficient.
We can get more fine information than simply determining whether these groups are iso-
morphic. Specifically, whether or not two groups SL;1p2, H1q and SL;2p2, H2q are conjugate
inside of some larger spin group can be determined by studying what algebras with involu-
tion both pH1, ;1q and pH2, ;2q embed in.
Theorem 5.2. Let F be a characteristic 0 field, and let H1, H2 be isomorphic quaternion
algebras over F , with orthogonal involutions ;1 and ;2. Then there exists a quaternion
algebra H over a field F 1 Ą F with an orthogonal involution ; such that pH1, ;1q and pH2, ;2q
embed inside of pH, ;q. Furthermore, for any F 1 and pH, ;q satisfying this condition, the
natural embeddings of SL;1p2, H1q and SL;2p2, H2q are conjugate inside of SL;p2, Hq.
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All of the above theorems only require the quaternion algebra H to be considered up to ring
isomorphism, which does not necessarily preserve the involution ;. A more refined notion of
isomorphism can be produced by asking under what circumstances spin groups SL;p2, Hq
are related by conjugation that preserves the subgroup SLp2, F q.
Theorem 5.3. Let F be a characteristic 0 field, and let H1, H2 be isomorphic quaternion
algebras over F , with orthogonal involutions ;1 and ;2. The following two statements are
equivalent.
(1) If H is a quaternion algebra over a field extension F 1 with orthogonal involution ;
such that pH1, ;1q, pH2, ;2q ãÑ pH, ;q, then there exists an element γ P SL;p2, Hq
such that γSL;1p2, H1qγ´1 “ SL;2p2, H2q, and γSLp2, F qγ´1 “ SLp2, F q.
(2) pH1, ;1q – pH2, ;2q.
Section 6 introduces the subgroups SL;p2,Oq, and after proving some basic results about
invariants of such groups, shows that they are maximal arithmetic groups.
Theorem 6.1. Let H be a rational quaternion algebra with orthogonal involution ;. Let O
be a maximal ;-order of H. Then SL;p2,Oq is a maximal arithmetic subgroup of SL;p2, Hq.
In Section 7, we produce some partial results regarding necessary and sufficient conditions
for different groups of the form SL;p2,Oq to be isomorphic to each other. As an initial
necessary condition, we show that if SL;1p2,O1q is isomorphic to SL;2p2,O2q, then O1 and
O2 must be matrix isomorphic.
Theorem 7.1. Let H1, H2 be quaternion algebras over a number field K, with orthogonal
involutions ;1 and ;2. Let O1,O2 be maximal ;1, ;2-orders of H1 and H2, respectively.
If the group SL;1p2,O1q is isomorphic to SL;2p2,O2q, then H1 – H2 and Matp2,O1q –
Matp2,O2q. In particular, discpO1q “ discpO2q.
We further show that this result seems to be in some sense sharp—specifically, we produce
an example of orders O1 and O2 such that SL
;1p2,O1q – SL;2p2,O2q, but O1 ≇ O2.
This unpleasant situation is not mirrored by the more restrictive notion of isomorphism
introduced in Section 5; there, as with the algebraic group case, we see that the notion of
isomorphism preserving involution exactly corresponds to conjugation preserving SLp2, F q.
Theorem 7.2. Let H a quaternion algebra over a number field K with orthogonal involution
;. Let O1,O2 be maximal ;-orders of H. Let K 1 be a field extension of K containing the
splitting fields of X2 “ nrmpxq for all x P H. Then the following are equivalent.
(1) There exists γ P SL;p2, H bK K 1q such that γSL;p2,O1qγ´1 “ SL;p2,O2q and
γSLp2,Kqγ´1 “ SLp2,Kq.
(2) pO1, ;q – pO2, ;q.
Finally, in Section 8, we examine under what circumstances subgroups of the form SL;p2,Oq
are conjugate inside of the algebraic group in which they sit. Our main result is that this
problem is actually local—that is, if the groups are conjugate over all of the localizations of
the number field, then they are conjugate over the number field itself.
Theorem 8.1. Let H be a quaternion algebra over a number field K, with orthogonal invo-
lution ;. Let O1,O2 be maximal ;-orders of H. Then SL;p2,O1q is conjugate to SL;p2,O2q
in SL;p2, Hq if and only if for every prime ideal p of oK , SL;p2,O1,pq is conjugate to
SL;p2,O2,pq in SL;p2, Hpq.
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3. Preliminaries:
Throughout this paper, we use the following standard conventions.
oF the ring of integers of F , if F is a local or global field.
H a quaternion algebra over F .
x ÞÑ x the standard involution on H .
nrmpxq “ xx the (reduced) norm map on H .
trpxq “ x` x the (reduced) trace map on H .
H0 the trace 0 subspace of H .
Hˆ the unit group of H .´
a,b
F
¯
the quaternion algebra generated by i, j, where i2 “ a, j2 “ b, ij “ ´ji.
We shall also make use of the terminology from [She17], wherein the author defined the
notion of a maximal ;-order. Briefly, for any quaternion algebra H , an involution of the
first type is an F -linear map ϕ : H Ñ H such that
(1) ϕpxyq “ ϕpyqϕpxq and
(2) ϕpϕpxqq “ x.
The best-known involution of the first type is the standard involution of quaternion conju-
gation. Every other such involution is related to each other by conjugation, and are known
as orthogonal involutions. We shall always denote such an involution by a superscript of ;.
The most common example that we shall use is
pw ` xi ` yj ` zijq; “ w ` xi ` yj ´ zij.
Any such involution will act as the identity on a subspace of dimension 3, which we shall
denote by H`, and act as multiplication by ´1 on a subspace of dimension 1, which we shall
denote by H´. A homomorphism of algebras with involution f : pA, ;1q Ñ pB, ;2q is a ring
homomorphism with the property that fpx;1q “ fpxq;2 . If the two algebras with involution
are isomorphic, we shall write this as pA, ;1q – pB, ;2q. If H is a quaternion algebra with an
orthogonal involution ;, then we may consider orders of H that are closed under ;—we call
these ;-orders. A maximal ;-order is one that is not contained in any strictly larger ;-order.
This notion of maximal ;-orders was previously studied by Scharlau [Sch74] over central
simple algebras and under a slightly different name. The primary new contribution of the
author was a full classification of maximal ;-orders over local fields of characteristic not 2.
This allowed an easy criterion to check whether a ;-order is maximal.
Theorem 3.1. [She17, Theorem 1.1] Given a quaternion algebra H over a local or global
field F of characteristic not 2 and with an orthogonal involution ;, the maximal ;-orders of
H correspond to Eichler orders of the form O XO; with discriminant
discpHq X ιpdiscp;qq.
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Here discpHq is the product of the ramifying primes of H , discp;q “ x2 pFˆq2 for any
non-zero x P H´, and
ι : Fˆ{ `Fˆ˘2 Ñ tsquare-free ideals of oF u
rλs ÞÑ
ď
λPrλsXo
λoF .
Given that the discriminants match, one may be tempted to ask whether all maximal ;-
orders are ring isomorphic. This is not so.
Example 1. Define pw ` xi` yj ` zijq; “ w ` xi ´ yj ` zij. Then
O1 “ Z‘ Zi‘ Z1 ` j
2
‘ Z i` ij
2
Ă
ˆ´1,´23
Q
˙
O2 “ Z‘ 3Zi‘ Z1` j
2
‘ Z11i` ij
6
Ă
ˆ´1,´23
Q
˙
are both maximal ;-orders by Theorem 3.1, and in fact all of the localizations of O1 and O2
are isomorphic as algebras with involution. However, O1 ≇ O2, since O
ˆ
1 “ t1,´1, i,´iu,
whereas Oˆ2 “ t1,´1u.
4. SL;p2, Hq is a Spin Group:
With the conventions of Section 3, we can define the set SL;p2, Hq as follows.
Definition 4.1. Let F be a field of characteristic not 2. Let H be a quaternion algebra over
F , with orthogonal involution ;. Then
SL;p2, Hq “
"ˆ
a b
c d
˙
P Matp2, Hq
ˇˇˇ
ˇab; P H`, cd; P H`, ad; ´ bc; “ 1
*
.
That this is a group under standard matrix multiplication can either be checked by explicit
computation, or by noting that
SL;p2, Hq “
"
γ P GLp2, Hq
ˇˇˇ
ˇγ
ˆ
0 ij
´ij 0
˙
γT “
ˆ
0 ij
´ij 0
˙*
.
In any case, one checks that inverses in this group are given byˆ
a b
c d
˙´1
“
ˆ
d; ´b;
´c; a;
˙
,
which will be important later. In the meantime, we start by proving that SL;p2, Hq is a
connected algebraic group.
Lemma 4.1. If F is a field of characteristic not equal to 2, and H is a quaternion algebra
over F with orthogonal involution ;, then SL;p2, Hq is a connected algebraic group.
Proof. Note that for any element of SL;p2, Hq, if nrmpdq ‰ 0, thenˆ
a b
c d
˙
“
ˆ
1 bd´1
0 1
˙ˆ
a´ bd´1c 0
c d
˙
“
ˆ
1 bd´1
0 1
˙ˆ
a´ bd´1c 0
0 d
˙ˆ
1 0
d´1c 1
˙
.
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Furthermore, any element u P Hˆ can be written in the form u “ 1`xy for some x, y P H`,
and soˆ
1 0
´yp1` xyq´1 1
˙ˆ
1 x
0 1
˙ˆ
1 0
y 1
˙ˆ
1 ´p1` xyq´1x
0 1
˙
“
ˆ
1 0
´yp1` xyq´1 1
˙ˆ
1` xy x
y 1
˙ˆ
1 ´p1` xyq´1x
0 1
˙
“
ˆ
1` xy x
0 1´ yp1` xyq´1x
˙ˆ
1 ´p1` xyq´1x
0 1
˙
“
ˆ
1` xy 0
0 1´ yp1` xyq´1x
˙
“
ˆ
u 0
0
`
u´1
˘;
˙
.
Therefore, any element of SL;p2, Hqwith nrmpdq ‰ 0 can be written as a product of elements
in
U ;p2, Hq “
"ˆ
1 z
0 1
˙ˇˇˇ
ˇz P H`
*
L;p2, Hq “
"ˆ
1 0
z 1
˙ˇˇˇ
ˇz P H`
*
.
However, the collection U of matrices with nrmpdq ‰ 0 is an open, dense subset of SL;p2, Hq,
hence U ¨ U “ SL;p2, Hq, so in fact every element of SL;p2, Hq can be written as a product
of elements in U ;p2, Hq and L;p2, Hq. Clearly, U ;p2, Hq – L;p2, Hq – F ‘ F ‘ F , so both
of these groups are connected. But since SL;p2, Hq is generated by these two subgroups, it
is itself connected. 
This lemma has an immediate consequence—we can obtain an analog of the classic result
that SLp2,Cq has a homomorphism into SO`p3, 1q. In our case, it is instead a homomor-
phism of SL;p2, Hq into the connected component SO0 of a special orthogonal group.
Theorem 4.1. Let H be a quaternion algebra over a field F not characteristic 2, with
orthogonal involution ;. Define a quadratic form qH on F 2 ‘H` by
qHps, t, zq “ st´ nrmpzq.
Then there is an exact sequence of algebraic groups
1Ñ t˘Iu Ñ SL;p2, Hq Ñ SO0pqHq Ñ 1.
Remark 4.1. The special case where K “ Q and H is positive definite was worked out in
[She19]. We follow mostly the same argument.
Proof of Theorem 4.1. Define a set
MH “
"
M “
ˆ
a b
c d
˙
P Matp2, Hq
ˇˇˇ
ˇMT “M, ab;, cd; P H`
*
.
It is easy to see that there is a bijection
F 2 ‘H` Ñ MH
ps, t, zq ÞÑ
ˆ
s z
z t
˙
,
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taking the quadratic norm to the quasi-determinant—thus, we can identify these two sets.
On the other hand, if γ P SL;p2, Hq andM P MH , then it is easy to check that γMγT P MH
as well, and has the same quasi-determinant as γ. Therefore, we have defined a morphism of
algebraic groups SL;p2, Hq Ñ OpqHq. Checking the action of the generators of SL;p2, Hq,
one finds that the image is in fact inside SOpqHq. For any element of the kernel,ˆ
1 0
0 0
˙
“
ˆ
a b
c d
˙ˆ
1 0
0 0
˙ˆ
a c
b d
˙
“
ˆ
a 0
c 0
˙ˆ
a c
b d
˙
“
ˆ
nrmpaq ac
ca nrmpcq
˙
,
from which we conclude that c “ 0 and nrmpaq “ 1. Similarly, the relationˆ
0 0
0 1
˙
“
ˆ
a b
0 d
˙ˆ
0 0
0 1
˙ˆ
a 0
b d
˙
“
ˆ
0 b
0 d
˙ˆ
a 0
b d
˙
“
ˆ
nrmpbq bd
db nrmpdq
˙
gives us that b “ 0 and nrmpdq “ 1. Finally, we note thatˆ
0 z
z 0
˙
“
ˆ
a 0
0 d
˙ˆ
0 z
z 0
˙ˆ
a 0
0 d
˙
“
ˆ
0 az
dz 0
˙ˆ
a 0
0 d
˙
“
ˆ
0 azd
dz a 0
˙
implies azd “ z for all z P H`. Since nrmpdq “ 1, this is just to say that az “ zd for all
z P H`, and since ad; “ 1, this is the same as saying that az “ za; for all z P H`. It
is easy to check this equation is satisfied only if a P F , but since nrmpaq “ 1, we see that
a2 “ 1, and therefore the kernel actually just consists of ˘I, as claimed. Since the kernel
has dimension 0, the dimension of the image is dim
`
SL;p2, Hq˘ “ 10, which is the same
as the dimension of SOpqHq. Furthermore, since SL;p2, Hq is connected by Lemma 4.1, we
conclude that the image of SL;p2, Hq is the identity component of SOpqHq. 
As a corollary, we get the desired result that SL;p2, Hq is a spin group.
Theorem 4.2. Let H be a quaternion algebra over a field F not characteristic 2, with
orthogonal involution ;. Then, as an algebraic group, SL;p2, Hq – SpinpqHq. In particular,
it is an absolutely almost simple, simply connected group.
In the special case where F is a global field, we can use the strong approximation theorem
proved by Knesser and Platonov [Kne65, Pla69] to get an immediate but very useful corollary
of Theorem 4.2.
Corollary 4.1. Let H be a quaternion algebra over a global field F not characteristic 2,
with orthogonal involution ;. Let S be the set of infinite places of F . Then SL;p2, Hq has
strong approximation with respect to S.
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5. Correspondence between Quaternion Algebras and Spin Groups:
Having established that all groups SL;p2, Hq are spin groups, our next goal is to determine
when two such groups are isomorphic, and which spin groups can be represented in such a
manner. Our main result is the following.
Theorem 5.1. Let F be a characteristic 0 field. There there is a bijection!
Isomorphism classes of
quaternion algebras over F
)
Ñ
"
Isomorphism classes of
spin groups of indefinite,
quinary quadratic forms over F
*
rHs ÞÑ “SL;p2, Hq‰ .
Proof. First, we must check that the given map is well-defined. In particular, we need to
check that the choice of orthogonal involution ; does not change the isomorphism class of
the spin group. We use the fact that all orthogonal involutions are conjugate—that is, if
;1, ;2 are orthogonal involutions on H , then there exists a u P H such that for all x P H ,`
uxu´1
˘;1 “ ux;2u´1.
But that means that SL;1p2, Hq and SL;2p2, Hq are conjugate inside of GLp2, Hq, i.e. there
is an isomorphism
SL;2p2, Hq Ñ SL;1p2, Hqˆ
a b
c d
˙
ÞÑ
ˆ
u 0
0 u
˙ˆ
a b
c d
˙ˆ
u´1 0
0 u´1
˙
.
Therefore, the given map is well-defined. Next, we check that it is surjective. Choose any
indefinite, quinary quadratic form q over F . Since it is indefinite, we can decompose it as
x1,´1y ‘ xa, b, cy, for some a, b, c P Fˆ. In fact, since scaling the quadratic form does not
change the spin group, we can assume that the quadratic form is x1,´1y ‘ x1, b, cy. In that
case, it is clear that the image of
H “
ˆ´b,´c
F
˙
will be the desired spin group. So, we are finally left with checking that the map is injective,
which is to say that if SL;1p2, H1q is isomorphic to SL;2p2, H2q, then H1 – H2. The Lie
algebras of SL;1p2, H1q and SL;2p2, H2q are sopq1q and sopq2q, respectively, where
qi : F
2 ‘H`i Ñ F
ps, t, zq ÞÑ ´st` nrmpzq.
However, if SL;1p2, H1q – SL;2p2, H2q, then this isomorphism induces an isomorphism
sopq1q – sopq2q, which can only happen if q1 – λq2 for some λ P Fˆ by the classification of
Lie algebras. By Witt cancellation, it follows that q11 – λq12, where
q1i : H
`
i Ñ F
z ÞÑ nrmpzq.
From this, it follows that q21 – λ1q22 for some λ1 P F , where
q2i : H
0
i Ñ F
z ÞÑ nrmpzq.
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Since both q21 and q
2
2 have discriminant 1, in fact it must be true that q
2
1 – q22 . However,
it is well-known that this quadratic form determines the quaternion algebra—that is, H1 –
H2. 
In the proof of Theorem 5.1, we only used that SL;1p2, Hq and SL;2p2, Hq are conjugate
inside of GLp2, Hq. However, we can prove something a little stronger.
Theorem 5.2. Let F be a characteristic 0 field, and let H1, H2 be isomorphic quaternion
algebras over F , with orthogonal involutions ;1 and ;2. Then there exists a quaternion
algebra H over a field F 1 Ą F with an orthogonal involution ; such that pH1, ;1q and pH2, ;2q
embed inside of pH, ;q. Furthermore, for any F 1 and pH, ;q satisfying this condition, the
natural embeddings of SL;1p2, H1q and SL;2p2, H2q are conjugate inside of SL;p2, Hq.
Proof. To see that such a quaternion algebraH must exist, it suffices to take Matp2, F q with
transpose as the orthogonal involution, where F is the algebraic closure of F . On the other
hand, given pH, ;q that pH1, ;1q and pH2, ;2q embed in, if there is an isomorphism between
H1 and H2, that isomorphism can be extended to an automorphism of H , and therefore
there must exist u P H such that this map is of the form x ÞÑ uxu´1. Since both H1 and
H2 are closed under ;, we have that`
uxu´1
˘; “ `u´1˘; x;u; P uH1u´1,
hence
H1 “ u;uH1
`
u;u
˘´1
,
which can only happen if u;u “ v P H`1 XHˆ1 . However, proving conjugacy is now trivial—ifˆ
a b
c d
˙
P SL;1p2, H1q,
thenˆ
u 0
0
`
u´1
˘;
˙ˆ
a b
c d
˙ˆ
u´1 0
0 u;
˙
“
ˆ
uau´1 ubu;`
u´1
˘;
cu´1
`
u´1
˘;
du;
˙
“
ˆ
uxu´1 upbvqu´1
upv´1cqu´1 upv´1dvqu´1
˙
P SL;2p2, H2q.

It is clear that the isomorphism in constructed in the proof of Theorem 5.1 restricts to
the identity on SLp2, F q. On the other hand, if we wish to only consider conjugacy inside of
some larger group SL;p2, Hq, then this condition cannot be satisfied in general. This gives
a connection between isomorphisms preserving the involution and conjugation preserving
SLp2, F q.
Theorem 5.3. Let F be a characteristic 0 field, and let H1, H2 be isomorphic quaternion
algebras over F , with orthogonal involutions ;1 and ;2. The following two statements are
equivalent.
(1) If H is a quaternion algebra over a field extension F 1 with orthogonal involution ;
such that pH1, ;1q, pH2, ;2q ãÑ pH, ;q, then there exists an element γ P SL;p2, Hq
such that γSL;1p2, H1qγ´1 “ SL;2p2, H2q, and γSLp2, F qγ´1 “ SLp2, F q.
(2) pH1, ;1q – pH2, ;2q.
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Proof. Suppose that the first condition holds, so γSL;1p2, H1qγ´1 “ SL;2p2, H2q, and
γSLp2, F qγ´1 “ SLp2, F q. Note thatM ÞÑ γMγ´1 can be extended to an automorphism of
Matp2, F q; since Matp2, F q is a central simple algebra, we see that there exists γ1 P GLp2, F q
such that M ÞÑ γ1γMpγ1γq´1 acts as the identity on SLp2, F q. Define γ2 “ γ1γ; the map
M ÞÑ γ2Mγ2´1 must map the subgroups
DHi,;i “
"
M P SL;ip2, Hiq
ˇˇˇ
ˇM
ˆ
λ 0
0 λ´1
˙
“
ˆ
λ 0
0 λ´1
˙
M, @λ P Fˆ
*
to each other. But, of course,ˆ
λ 0
0 λ´1
˙ˆ
a b
c d
˙
“
ˆ
λa λb
λ´1c λ´1d
˙
ˆ
a b
c d
˙ˆ
λ 0
0 λ´1
˙
“
ˆ
λa λ´1b
λc λ´1d
˙
,
hence DHi,;i is just the subgroup of diagonal matrices. It follows that
γ2 “
ˆ
u 0
0 λ
`
u´1
˘;
˙
for some u P Hˆ, λ P Fˆ. Furthermore,ˆ
u 0
0 λ
`
u´1
˘;
˙ˆ
1 1
0 1
˙ˆ
u´1 0
0 λ´1u;
˙
“
ˆ
1 uu
;
λ
0 1
˙
“
ˆ
1 1
0 1
˙
,
whence uu; “ λ P Fˆ, which implies that the map z ÞÑ uzu´1 is an isomorphism of algebras
with involution. In the opposite direction, if φ : H1 Ñ H2 is an isomorphism of algebras
with involution, then φ b 1 : H1 bF F 1 Ñ H2 bF F 1 is an automorphism of H preserving
;; since H is a central simple algebra, there must exist a u P Hˆ such that φpzq “ uzu´1.
Since φ preserves the involution, we know that
`
uzu´1
˘; “ pu´1q;z;u; “ uz;u´1. This
occurs if u;u “ λ P Fˆ. It is then easy to check that if a, b, c, d P F , thenˆ
u 0
0
`
u´1
˘;
˙
looooooomooooooon
:“γ
ˆ
a b
c d
˙ˆ
u´1 0
0 u;
˙
“
ˆ
a λb
c{λ d
˙
,
hence γ satisfies the conditions of the theorem. 
6. Maximal Arithmetic Subgroups:
Having described when algebraic groups constructed from orders with involution are
isomorphic and/or conjugate, we turn our attention to arithmetic groups. Specifically, let
H be a quaternion algebra with involution ;, over a number field K. If O is a ;-order,
then SL;p2,Oq is an arithmetic subgroup of SL;p2, Hq. In the special case where K “ Q,
SL;p2,Oq is either a lattice in SO0p4, 1q or in SO0p3, 2q—we claim that in either case, it
is actually a maximal arithmetic group, in the sense that it is not strictly contained inside
any other arithmetic subgroup of SL;p2, Hq. To prove this, we shall make heavy use of
the oK-algebra generated by the elements Γ Ă SL;p2, Hq, which we shall denote by oKrΓs.
First, we note that this is actually a group invariant.
Lemma 6.1. Let H1, H2 be rational quaternion algebras with orthogonal involutions ;1, ;2
over K. Let Γ1,Γ2 be lattices of SL
;1p2, H1q, SL;2p2, H2q such that they are Galois-closed
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and their centers are t˘Iu, where I is the identity matrix. If Γ1 and Γ2 are isomorphic as
groups, then oKrΓ1s and oKrΓ2s are isomorphic as rings.
Proof. First, note that φp´Iq “ ´I, since ´I is the unique non-identity element of the
centers of Γi. Therefore, it induces an isomorphism φ : Γ1 Ñ Γ2 between the images of the
Γi inside SL
;ip2, Hiq{t˘Iu. Note that
SL;ip2, Hi bQ Rq{t˘Iu –
#
PSO0p4, 1q if Hi bQ R – HR
PSO0p3, 2q if Hi bQ R – Matp2,Rq,
and so we can apply the Mostow rigidity theorem to conclude that both Γ1 and Γ2 can be
viewed as being lattices of the same Lie group G, namely either PSO0p3, 2q or PSO0p4, 1q.
In either case, G is simple, and therefore by Mostow rigidity Γ1 and Γ2 are conjugate in G.
Letting g P G be such that Γ2 “ gΓ1g´1, we have a well-defined ring homomorphism
Φ : oKrΓ1s Ñ oKrΓ2s
M ÞÑ gMg´1.
This map is clearly invertible, and so we are done. 
Remark 6.1. The use of the Mostow rigidity theorem in Lemma 6.1 makes clear why we
restrict to the case where H is a quaternion algebra over Q—over other number fields, the
set of infinite places Ω8 has more than one element, and so rather than SL;p2,Oq{t˘Iu
injecting as a lattice into PSO0p4, 1q or PSO0p3, 2q, it will instead inject into some Lie
group ą
νPΩ8
Gν ,
where for every ν, Gν is either PSO
0p4, 1q or PSO0p3, 2q—in any case, this group is no
longer simple, and so Mostow rigidity cannot be applied. This is not to say that the other
results of this section are necessarily false over number fields K ‰ Q, but we do not pursue
this question here.
Next, we prove that this oK-algebra is especially nice for groups SL
;p2,Oq.
Lemma 6.2. Let H be a quaternion algebra with orthogonal involution ; over a number
field K. Let O be a maximal ;-order of H. Then oK
“
SL;p2,Oq‰ “ Matp2,Oq.
Proof. Obviously, oK
“
SL;p2,Oq‰ is contained inside of Matp2,Oq, so it shall suffice to show
that every element of Matp2,Oq can be is contained in oK
“
SL;p2,Oq‰. Since oK Ă O, we
know that Matp2, oKq Ă oK
“
SL;p2,Oq‰. Consider the projection
Ψ : SL;p2,Oq Ñ O{oKˆ
a b
c d
˙
ÞÑ a` oK .
It is easy to see that for every prime ideal p Ă oK , the corresponding map
Ψp : SL
;p2,Opq Ñ Op{oKpˆ
a b
c d
˙
ÞÑ a` oKp
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is surjective—this is because for any z P Op, there exists some λ P oKp such that λ`z P Oˆp ,
in which case we have ˆ
λ` z 0
0
`
λ` z;˘´1
˙
looooooooooooomooooooooooooon
PSL;p2,Opq
ÞÑ z ` oKp .
However, by Corollary 4.1, we can apply strong approximation to SL;p2,Oq, from which it
follows that
Ψ
`
SL;p2,Oq˘ “č
p
Ψp
`
SL;p2,Opq
˘ “ O{oK .
Ergo, for any z P O, there exists an element γ P SL;p2,Oq and a λ P oK such thatˆ
1 0
0 0
˙
γ
ˆ
1 0
0 0
˙
“
ˆ
λ` z 0
0 0
˙
P oK
“
SL;p2,Oq‰ .
Since the group ring also contains Matp2, oq, we can conclude that it actually contains all
of Matp2,Oq. 
Finally, we shall need to know that the ring generated by an arithmetic group is an order.
Lemma 6.3. Let H be a rational quaternion algebra with orthogonal involution ;. Let Γ be
an arithmetic subgroup of SL;p2, Hq. Then Z rΓs is an order of the central simple algebra
Matp2, Hq.
Proof. First, note that since Γ Ă SL;p2, Hq, Z rΓs Ă Z “SL;p2, Hq‰ “ Matp2, Hq. Since Γ is
an arithmetic group, for some integer l, there is a morphism Ψ : ΓÑ SLpl,Zq with a finite
kernel. It is easy to see that Z rSLpl,Zqs “ Matpl,Zq is a finitely-generated, Noetherian
Z-module. Therefore, the sub-module Z rΨpΓqs is finitely-generated. This, in turn, means
that Z rΓs is finitely-generated as an Z-module. Since it is a subring of the finite-dimensional
algebra Matp2, Hq, it is therefore an order. 
With these three lemmas out of the way, we can prove the maximality of the groups
SL;p2,Oq for rational quaternion algebras.
Theorem 6.1. Let H be a rational quaternion algebra with orthogonal involution ;. Let O
be a maximal ;-order of H. Then SL;p2,Oq is a maximal arithmetic subgroup of SL;p2, Hq.
Proof. Suppose that Γ is an arithmetic group containing SL;p2,Oq. By Lemma 6.3, we
know that Z rΓs is an order of Matp2, Hq which, by Lemma 6.2 contains Matp2,Oq. Choose
any element γ P Γ, and choose any one of its coordinates x. Since the group ring containsˆ
1 0
0 0
˙
,
ˆ
0 1
0 0
˙
,
ˆ
0 0
1 0
˙
,
ˆ
0 0
0 1
˙
,
it is clear that Z rΓs must contain Matp2,Orxsq. However, sinceˆ
a b
c d
˙´1
“
ˆ
d; ´b;
´c; a;
˙
,
we see that it must actually contain Matp2,Orx, x;sq. Since Matp2,Orx, x;sq is a subring
of the group ring, it must also be an order, from which we get that Orx, x;s is an order.
However, Orx, x;s is clearly closed under ;, hence it is a ;-order. Since O is a maximal
;-order, it follows that Orx, x;s “ O. Therefore, Γ Ă Matp2,Oq. However, SL;p2,Oq “
Matp2,Oq X SL;p2, Hq, therefore Γ “ SL;p2,Oq. 
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7. Isomorphisms Between Groups SL;p2,Oq:
As in Section 6, we consider quaternion algebras H over Q. For any choice of orthogonal
involutions ;1, ;2 and corresponding maximal ;-orders O1,O2 of H , SL;1p2,O1q will be
commensurable with SL;2p2,O2q, since by Theorem 5.1 they are arithmetic groups of a
spin group. We shall want to study when such groups are isomorphic, and furthermore
when we can say that they are conjugate inside of some group. We begin by establishing a
necessary condition.
Theorem 7.1. Let H1, H2 be rational quaternion algebras, with orthogonal involutions ;1
and ;2. Let O1,O2 be maximal ;1, ;2-orders of H1 and H2, respectively. If the group
SL;1p2,O1q is isomorphic to SL;2p2,O2q, then H1 – H2 and Matp2,O1q – Matp2,O2q. In
particular, discpO1q “ discpO2q.
Proof. By Lemmas 6.1 and 6.2, if the groups are isomorphic, then Matp2,O1q – Matp2,O2q
as rings. However, if Matp2,O1q and Matp2,O2q are isomorphic, then they have the same
discriminant and it is a standard exercise to check that disc pMatp2,Oiqq “ discpOiq. 
Remark 7.1. A tempting generalization of Theorem 7.1 would be that if SL;1p2,O1q –
SL;2p2,O2q, then O1 – O2. However, this statement is false.
Example 2. Take O1,O2 as in Example 1. We proved that O1 ≇ O2; however, we claim
that SL;p2,O1q – SL;p2,O2q.
Proof. Define
γ “
˜
1´6i`j
2
?
3
1`j
2
?
3
1`6i`j
2
?
3
?
3i
¸
P SL;
´
2, H bQ Qp
?
3q
¯
.
By an easy computation,
γ
ˆ
0 1
0 0
˙
γ´1 P Matp2,O2q
γ
ˆ
0 i
0 0
˙
γ´1 P Matp2,O2q
γ
ˆ
0 1`j2
0 0
˙
γ´1 P Matp2,O2q
γ
ˆ
0 i`ij2
0 0
˙
γ´1 P Matp2,O2q
γ
ˆ
0 0
1 0
˙
γ´1 P Matp2,O2q,
from which it follows that there is a well-defined, injective ring homomorphism
Matp2,O1q Ñ Matp2,O2q
M ÞÑ γMγ´1,
since the conjugated elements generate Matp2,O1q as a ring over Z. As γ P SL;
`
2, H bQ Qp
?
3q˘,
this homomorphism restricts to an injective group homomorphism
SL;p2,O1q Ñ SL;p2,O2q
M ÞÑ γMγ´1.
By the maximality of SL;p2,O1q and SL;p2,O2q, this must be an isomorphism. 
Remark 7.2. A corollary of Example 2 and Theorem 7.1 is that O1,O2 are non-isomorphic
rings such that Matp2,O1q – Matp2,O2q. While this does produce a new proof of that fact,
this example was in fact already worked out by Chatters [Cha96, Example 5.1]
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We shall also seek an analog of the notion of isomorphism from Theorem 5.3—specifically,
we want a notion of isomorphism that corresponds to the notion of isomorphism of algebras
with involution. This has the benefit that it can be stated over any number field.
Theorem 7.2. Let H a quaternion algebra over a number field K with orthogonal involution
;. Let O1,O2 be maximal ;-orders of H. Let K 1 be a field extension of K containing the
splitting fields of X2 “ nrmpxq for all x P H. Then the following are equivalent.
(1) There exists γ P SL;p2, H bK K 1q such that γSL;p2,O1qγ´1 “ SL;p2,O2q and
γSLp2,Kqγ´1 “ SLp2,Kq.
(2) pO1, ;q – pO2, ;q.
Proof. The proof is similar to that of Theorem 5.3. If O1 –; O2, then there exists x P Hˆ
such that x; “ x such that O2 “ xO1x´1. Then x1 “ x b 1{
a
nrmpxq P H bF F 1 is an
element of norm ˘1, and so if we take
γ “
ˆ
x 0
0
`
x´1
˘;
˙
P SL;p2, H bF F 1q,
it will have the desired effect. In the other direction, if there exists γ P SL;p2, H bF F 1q
such that γSL;p2,O1qγ´1 “ SL;p2,O2q and γSLp2, F qγ´1 “ SLp2, F q, then there exists
γ1 P SL;p2, H b F q such that γ1SL;p2,O1qγ1´1 “ SL;p2,O2q and γ1Mγ1´1 “ M for all
M P SLp2, F q. This induces a ring isomorphism on the corresponding group rings; that is,
by Lemma 6.2, there is a ring isomorphism
Matp2,O1q Ñ Matp2,O2q
M ÞÑ γ1Mγ1´1
such that this isomorphism restricts to the identity on Matp2, oKq. In particular, we can
define subrings
Ui “
"
M P Matp2,Oiq
ˇˇˇ
ˇM
ˆ
1 1
0 1
˙
“
ˆ
1 1
0 1
˙
M
*
,
and we are guaranteed that the ring isomorphism between the Matp2,Oiq restricts to a ring
isomorphism between the Ui. However, it is easy to see that M P Ui if and only if it is upper
triangular. Therefore, for any z P O1,
γ1
ˆ
1 z
0 1
˙
γ1´1 P U2.
Write
γ1 “
ˆ
a b
c d
˙
P SL;p2, H bF F q,
and note that
γ1
ˆ
1 z
0 1
˙
γ1´1 “
ˆ ˚ ˚
czc; ˚
˙
,
which belongs to U2 if and only if czc
; “ 0. However, since czc; “ 0 for all z P O1, it
must be that czc; “ 0 for all z P H . It is readily checked that this is possible if and only if
c “ 0—if H is a division algebra, this assertion is immediate, and otherwise H –Matp2, F q
where it becomes an easy calculation. By a similar argument with the sub-ring
Li “
"
M P Matp2,Oiq
ˇˇˇ
ˇM
ˆ
1 0
1 1
˙
“
ˆ
1 0
1 1
˙
M
*
,
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we can prove that b “ 0 as well. Thus γ1 is a diagonal matrix, which is to say that
γ1 “
ˆ
u 0
0
`
u´1
˘;
˙
for some u P Hˆ. Thus O2 “ uO1u´1. Sinceˆ
u 0
0
`
u´1
˘;
˙ˆ
1 1
0 1
˙ˆ
u´1 0
0 u;
˙
“
ˆ
1 uu;
0 1
˙
“
ˆ
1 1
0 1
˙
,
and so in fact pO1, ;q – pO2, ;q. 
Remark 7.3. Note that in the statement of Theorem 5.3, we only had to select the field
extension K 1 so that we could embed the quaternion algebras with involution into a single
quaternion algebra with involution. If Theorem 7.2 were entirely analogous, we would be
able to take K 1 “ K. We shall show in Section 8 that this strengthening of the statement is
false: there exist maximal ;-orders O1,O2 that are isomorphic as algebras with involution,
but such that SL;p2,O1q and SL;p2,O2q are not conjugate inside SL;p2, Hq.
Remark 7.4. In the statement of Theorem 7.2, the requirement that we choose γ P SL;p2, HbK
K 1q such that γSLp2, F qγ´1 “ SLp2, F q is necessary. Specifically, there exist maximal ;-
orders O1,O2 such that pO1, ;q ≇ pO2, ;q but they are conjugate inside of SL;p2, H bK K 1q
for some field extension K 1. An example was produced in [She19], but as it was stated in
somewhat different language, we reproduce it here.
Example 3. Let
O1 “ Z‘ Zi‘ Z1` j
2
‘ Z i` ij
2
Ă
ˆ´1,´7
Q
˙
O2 “ Z‘ Zi‘ Z i` j
2
‘ Z1` ij
2
Ă
ˆ´1,´7
Q
˙
.
Both of these are maximal ;-orders, if we take the usual involution pw ` xi ` yj ` zijq; “
w ` xi ` yj ´ zij. Since trpO1 XH`q “ p1q and trpO2 XH`q “ p2q, we see that pO1, ;q ≇
pO2, ;q. However, p1 ` iqO1p1` iq´1 “ O2, and therefore˜
1`i?
2
0
0 ´1`i?
2
¸
SL;p2,O1q
˜
1`i?
2
0
0 ´1`i?
2
¸´1
“ SL;p2,O2q.
8. Conjugacy Classes in SL;p2, Hq:
Our results thus far have shown cases where you can prove that if SL;p2,O1q and
SL;p2,O2q are isomorphic as groups, then they are conjugate inside of SL;p2, H bK K 1q
where K 1 is an extension of K. Examples 2 and 3 demonstrate that K 1 might be a quadratic
extension of K. Our goal here is to give some insight as to when we can take K 1 “ K. Our
main result is that determining conjugacy is actually a local problem.
Theorem 8.1. Let H be a quaternion algebra over a number field K, with orthogonal invo-
lution ;. Let O1,O2 be maximal ;-orders of H. Then SL;p2,O1q is conjugate to SL;p2,O2q
in SL;p2, Hq if and only if for every prime ideal p of oK , SL;p2,O1,pq is conjugate to
SL;p2,O2,pq in SL;p2, Hpq.
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Proof. Obviously, if SL;p2,O1q, SL;p2,O2q are conjugate, then all of their localizations will
be conjugate. In the other direction, for almost all prime ideals p, O1,p “ O2,p—therefore, we
can choose elements γp P SL;p2, Hpq such that γpSL;p2,O1,pqγ´1p “ SL;p2,O2,pq and γp “
id for almost all prime ideals p. Therefore, there exists an element γ1 P SL;p2, HbK AKq of
the adelic extension such that the p-th component of γ1 is the γp. If γ1 P SL;p2, H bK AKq
is such that pγ1q
p
SL;p2,O1,pq pγ1q´1p “ SL;p2,O2,pq for all prime ideals p, then the same
must true of every element of SL;p2,O2qγ1. Therefore, such elements form an open set in
SL;p2, H bK AKq—in that case, Corollary 4.1 proves that there must exist a γ P SL;p2, Hq
satisfying this condition. 
Thus, determining whether groups SL;p2,Oq are conjugate in SL;p2, Hq can be reduced
to checking the same over local fields, where it is far easier. It is worth noting that even
if pO1, ;q – pO2, ;q, it does not follow that SL;p2,O1q is conjugate to SL;p2,O2q inside
SL;p2, Hq; one may need to pass to a higher degree extension.
Example 4. Let F be any characteristic 0 local field with maximal ideal p. Choose any
λ P oF such that 1` λ P pzp2. Then H “Matp2, F q is a quaternion algebra over F , andˆ
a b
c d
˙;
“
ˆ
a c{λ
bλ d
˙
defines an orthogonal involution. Since λ P oˆ, O1 “ Matp2, oF q is a maximal ;-order.
Similarly,
O2 “
ˆ
1 ´1
λ 1
˙
loooomoooon
:“u
O1
ˆ
1 ´1
λ 1
˙´1
must be a maximal ;-order; indeed, pO1, ;q – pO2, ;q. However, SL;p2,O1q and SL;p2,O2q
are not conjugate in SL;p2, Hq.
Proof. Suppose that there exist a, b, c, d P H such that
γ :“
ˆ
a b
c d
˙
P SL;p2, Hq
and γSL;p2,O1qγ´1 “ SL;p2,O2q. Sinceˆ
a b
c d
˙ˆ
1 z
0 1
˙ˆ
a b
c d
˙´1
“
ˆ ˚ aza;
´czc; ˚
˙
ˆ
a b
c d
˙ˆ
1 0
z 1
˙ˆ
a b
c d
˙´1
“
ˆ ˚ ´bzb;
dzd; ˚
˙
,
we wish to determine for which v P H vO`1 v; Ă O2. This is the same as determining all
v P H such that u´1vO`1 v;u Ă O1. We shall show that this is possible only if v P O1,
proving that γ P SL;p2,O1q. Write
v “
ˆ
v1 v2
v3 v4
˙
,
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so
u´1v
ˆ
1 0
0 0
˙
v;u “
˜ pv1`v3q2
λ`1 ´ pλv1´v3qpv1`v3qλpλ`1q
´ pλv1´v3qpv1`v3q
λ`1
pλv1´v3q2
λpλ`1q
¸
P Matp2, oF q
u´1v
ˆ
0 0
0 1
˙
v;u “
˜
λpv2`v4q2
λ`1 ´ pλv2´v4qpv2`v4qλ`1
´λpλv2´v4qpv2`v4q
λ`1
pλv2´v4q2
λ`1
¸
P Matp2, oF q.
Note that this is only possible if v1` v3, λv1 ´ v3, v2` v4, λv2 ´ v4 P p. From it follows that
p1` λqv1, p1` λqv3 P p, hence v1, v3 P oF . Therefore, v3, v4 P oF . We conclude that v P O1.
Ergo, γ P SL;p2,O1q, and so γSL;p2,O1qγ´1 “ SL;p2,O1q “ SL;p2,O2q. However, since
u
ˆ
1 0
0 0
˙
u´1 “
ˆ 1
1`λ
1
1`λ
λ
1`λ
λ
1`λ
˙
R O1,
O1 ‰ O2, and so SL;p2,O1q ‰ SL;p2,O2q. This is a contradiction, and so we are done. 
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